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Abstract 

Let S be a complex algebraic K3 surface. It is proved that the 0- 
dimensional cusps of the Kahler moduli of S are in one-to-one correspon- 
dence with the twisted Fourier-Mukai partners of S. As a result, a count- 
ing formula for the O-dimensional cusps of the Kahler moduli is obtained. 
Applications to rational maps between K3 surfaces are given. When the 
Picard number of S is 1, the bijective correspondence is calculated explic- 
itly by using the Fricke modular curve. 



1 Introduction 

Let S be an algebraic K2> surface over the field of complex numbers. In [TT] 
we considered a certain orthogonal modular variety K,{S) = T(S) + \fl~^^ and 

studied the Fourier-Mukai (FM) partners of S in connection with a compact- 
ification of IC(S). It is a classical result of Baily-Borel [1] that IC(S) can be 
compactified to be a normal projective variety, by adjoining certain boundary 
components. The boundary components of IC(S) are called cusps of fC(S). One 
of the results of [TT] is that the isomorphism classes of the FM partners of S 
are in bijective correspondence with certain O-dimensional cusps of fC(S), called 
standard cusps. However, a general O-dimensional cusp of IC(S) is not necessar- 
ily standard. The purpose of this paper is to study the geometric counterparts 
of the non-standard O-dimensional cusps of 1C(S). 

As we shall explain below, a non-standard cusp corresponds to a twisted 
Fourier-Mukai partner of S. The notion of twisted FM partners, which was 
introduced by Caldararu [3], generalizes that of FM partners. By definition, a 
twisted FM partner of S is a twisted K3 surface (S',a') such that there is an 
exact equivalence D b (S',a') ~ D b (S) between the derived categories. As well 
as the FM partners, the twisted FM partners of S can be regarded as certain 
geometric realizations of the category D b (S). They are useful for dealing with 
non-fine moduli spaces of sheaves on S (see [5], [S]). 

Our main result is the following. 
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Theorem 1.1 (Theorem 13. 7| . Let FM d (S) be the set of isomorphism classes of 
the twisted Fourier-Mukai partners (S',a') of S with ord(a') = d. Let C d (S) be 
the set of 0- dimensional cusps of the Baily-Borel compactification of the modular 
variety 1C(S) of divisibility d. Then there exists a canonical bijection 

FM d (S) ~C d (S). 

In particular, we have 

^""^ f/=FM d (S) — the O-dimensional cusps oflC(S)}. 
d 

The existence of a map C d (S) — > FM d (S*) is observed in [11]. In the present 
paper we study the correspondence in more detail and establish its bijectivity. 
In fact, a more general result than Theorem 11.11 will be proved. That is, for 
a twisted K3 surface a) we establish a relation between the O-dimensional 
cusps of the Kahler moduli of (S, a) and the twisted FM partners of {S,a). 
If we put d = 1 in Theorem 11.11 we recover the correspondence between the 
untwisted FM partners and the standard cusps in [11] . Twisted FM partners 
appear naturally if we consider all O-dimensional cusps of IC(S). 

The modular variety JC(S) is called Kahler moduli because it is an ana- 
logue of Kahler moduli of a Calabi-Yau 3-fold. The analogy was investigated 
extensively by Dolgachev [6J . In an effort to formulate mirror symmetry for K3 
surfaces, Dolgachev defined for a K3 surface S (satisfying suitable conditions) a 
moduli space A / f v of certain "mirror K3 surfaces" of S, and observed that A4 V 
is a modular variety uniformized by the Hermitian symmetric domain ^^g^ 

associated to S. Our Kahler moduli IC(S) is almost isomorphic to Dolgachev's 
mirror moduli space Ai v , in the sense that the arithmetic group r(S) + defining 
JC(S) contains the arithmetic group defining A4 y as a finite-index subgroup. 
When the Hodge structure of S is generic, IC(S) is indeed isomorphic to M y . 
We note that fC(S) is naturally dominated by the complexified Kahler cone of S 
(see [5J). On the other hand, Bridgeland gave an intrinsic construction of IC(S) 
by proving that IC(S) contains a natural quotient space of the space of stability 
conditions on the category D b (S) as a Zariski open set (see [2]). 

An observation for the mirror picture of [5] can be drawn from Theorem 
11.11 In the formulation of [6 , there is an ambiguity of the choice of mirror 
family, which depends on the choice of O-dimensional cusp of a moduli space 
M. to which S belongs. The moduli space Ai can be identified with the Kahler 
moduli of a generic member S v of a mirror moduli space of 5*. Theorem 11.11 
applied to 5 V , suggests that the ambiguity of the choice of mirror family of S 
comes from the existence of twisted FM partners of 5 V . 

There is an application of Theorem 11.11 to the modular variety K,(S). The 
twisted Fourier-Mukai number #FM d (5') is non-zero for only finitely many d, 
and each #FM d (S) is a finite number (see [8]). A formula for the number 
#FM d (S*) is given in [12] . Roughly speaking, the number #FM d (S') is ex- 
pressed as a sum of certain 'masses' of the genera of some Lorentzian lattices. 
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Combining those formulae with Theorem 11.11 we obtain a counting formula for 
the O-dimensional cusps of the modular variety )C(S) (Theorem 13. 8|) . Via [6], 
it allows us to count the O-dimensional cusps of the moduli spaces of certain 
lattice-polarized K3 surfaces. This formula for the cusps is a natural general- 
ization of Scattone's formula [17] . 

When some description of the set of cusps is available, we obtain a classifica- 
tion of the twisted FM partners by Theorem ll.il We shall give such classification 
for certain elliptic K3 surfaces. 

Theorem 1.2 (Theorem l4.2p . Let S be a K3 surface whose Neron-Severi lattice 
NS(S) contains the hyperbolic plane U . Then for each twisted Fourier-Mukai 
partner (S", a') of S there exists an elliptic fibration f : S — ► P 1 such that 
(S',a') is isomorphic to the relative Jacobian of f. 

See Definition 14 . 1 1 for the definition of relative Jacobian. In Kodaira's termi- 
nology, the elliptic surface underlying the relative Jacobian is the basic elliptic 
surface associated to the original fibration. The assumption that NS(S) con- 
tains U admits a geometric interpretation that S has the structure of an elliptic 
surface with a section. For example, this assumption is satisfied if the Picard 
number p(S) is larger than or equal to 13. 

Theorem 1 1 . 21 yields applications to rational maps between K3 surfaces. 

Corollary 1.3 (Proposition 14. 7[) . Let S+ and S- be K3 surfaces with p(S±) > 
13. Let T(S±) be the transcendental lattice of S±. Then there exists a Hodge 
isometry T(S+) ®Q — T(SL) ®Q i/ and only if there exist a K3 surface So and 
rational maps So S+, So S- of square degrees. 

In other words, S+ and S- are isogenous in the sense of Mukai [13] if and 
only if they are dominated by a common K3 surface by rational maps of square 
degrees. 

When p(S) — 1, we calculate the correspondence in Theorem 11.11 explicitly. 
Dolgachev [5] showed that the Kahler moduli IC(S) for such S is isomorphic 
to the Fricke modular curve, which is the quotient of the congruence modular 
curve r (n)\H by an involution. Here 2n is the degree of the K3 surface S. It 
is easy to describe the cusps of the Fricke curve, because the theory of elliptic 
modular curves is available. On the other hand, a set of representatives of 
FM (£) is given in [12] by certain moduli spaces of sheaves on S, twisted by 
natural obstruction classes. Then we have an explicit correspondence between 
the cusps of the Fricke curve and certain moduli spaces of sheaves on S. An 
advantage of considering the Fricke curve is that we have a complete description 
of its cusps. Thus, given two arbitrary primitive isotropic Mukai vectors, one 
can decide immediately whether the associated moduli spaces are isomorphic or 
not. 

As we noted above, there is a derived-categorical construction of the Kahler 
moduli JC(S) by using stability conditions due to Bridgeland. Then the following 
question arises naturally from Theorem ll.il 

Question 1.4. Can one perform the Baily-Borel compactification of 1C(S) by 
studying degenerations of stability conditions in various large volume limits ? 
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The rest of the paper is structured as follows. In Sect l2. II we recall some 
lattice theory. In Sect 12. 21 we study lattice-theoretic properties of the twisted 
Mukai lattice of a twisted K3 surface. In Sect[3] we prove Theorem 11.11 In 
SectJH we derive Theorem 11.21 and Corollary 11.31 In Sect l5.ll we exhibit the 
isomorphism between the Fricke modular curve and the Kahler moduli of a K3 
surface of Picard number 1. In Sect l5.2l we calculate the correspondence between 
the cusps of the Fricke modular curve and certain moduli spaces of sheaves. 

Notation. All varieties are assumed to be algebraic varieties over the field of 
complex numbers. In particular, a KZ surface means a nonsingular complex 
algebraic K3 surface. For a K3 surface S, we denote by NS(S) (resp. T(S)) 
the Neron-Severi (resp. transcendental) lattice of S. The Picard number p(S) 
is the rank of NS(S). Let 

H(S, Z) := H°{S, Z) + H 2 {S, Z) + H 4 (S, Z), 
NS(S) := H°(S, Z) + NS(S) + H 4 (S, Z), 

which are endowed with the Mukai pairing. The hyperbolic plane U is the lattice 
Ze + Z/, (e,e) = (/,/) = 0,(e,/) = 1. We identify the lattice H°(S,Z) + 
Jf 4 (5,Z) endowed with the Mukai pairing with the hyperbolic plane U by the 
identifications (1,0,0) = e, (0,0, -1) = /. Write 

Aks := El © C/ 3 , A K3 := El © U 4 . 

Acknowledgements. The author is deeply indebted to Professor Ken-Ichi 
Yoshikawa for his encouragement and discussion on the whole part of the paper; 
Professor Shinobu Hosono for discussion that motivated the work; Doctor Kenji 
Hashimoto for discussion about quaternion orders. This work was partially 
supported by Grant-in-Aid for JSPS fellows. 

2 Twisted Mukai lattices 

2.1 Preliminaries from lattice theory 

By an even lattice, we mean a free Z- module L of finite rank endowed with a 
non-degenerate symmetric bilinear form L x L — > Z satisfying (1,1) G 2Z for 
all I G L. For a field K, the quadratic space L © K is denoted by Lk- For 
a vector / G L we define the divisibility div(^) of I as the positive generator 
of the ideal (l,L) c Z. The set of the primitive isotropic vectors I G L with 
div(Z) = d is denoted by I d (L). To an even lattice L we can associate a finite 
Abelian group Dj, := L v / L and a quadratic form : Dl — > Q/2Z defined by 
qL{x) = (x,x) mod 2Z, x G D^. Then (Di,,qi,) is called the discriminant form 
of L. We have a natural homomorphism r^ : 0(L) — * O(Dl), whose kernel is 
denoted by 0(L)o- The following facts due to Nikulin [14] are well-known. For 
later use, we indicate a proof. 
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Proposition 2.1 (14 ). Let L be an even unimodular lattice and let M be a 
primitive sublattice of L with the orthogonal complement M 1 - . 

(1) There exists a natural isometry Xl ■ (Dm^m) — {D M ±, —q^x). 

(2) For two isometries -fM G O(M) and Jm-*- S 0(M ), jm ©7m x extends 
to the isometry of L if and only if Tm^m) = X^ 1 o r M ±(~f M ±) o A^. 

Proof. (1) The unimodularity of L and the primitivity of M assure the surjec- 
tivity of the projection L — > Af v . Thus for each x G M v there is y G (AI^^ 
such that x + y G L. The assignment x ^ y induces the group isomorphism 
X L : D M ^ D M ±. As q M {x) + q M ±(y) = (x + y,x + y) G 2Z, we have 
Al : (D M ,q M ) ^ (D M ±,-q M ±). 

(2) The isometry 7m © 7a/- 1 - of M © M 1 - preserves the overlattice L if and 
only if r M (lAi) © r Jjf x(7 Af x) G 0(D M © preserves the graph of A L . □ 

Let L be an even lattice of sign(L) = (2,rk(i) — 2) and let T C 0(£) be 
a subgroup containing {±id}. Denote by SIl the set of the oriented positive- 
definite two-planes in Lr, which carries a complex structure via the isomorphism 



f2; 



| £uj G P(£ c ) (w, lu) = 0, (w, u>) > }. 



Then f2i has two connected components. A choice of a component of JIl, 
say fij, is equivalent to a choice of an orientation for a positive-definite two- 
plane, and is called an orientation of L. Let T + c T be the subgroup of the 
orientation- preserving isometries in T. The quotient space r + \fij admits the 

Baily-Borel compactification r+\SlJ, which turns out to be a normal projective 
variety (PQ. See also [T7]). The set of the O-dimensional cusps of r + \fij is 
canonically identified with the set 



u 



r+\i d (L). 



2.2 Twisted Mukai lattices 

The twisted Mukai lattice of a twisted K2> surface was defined by Huybrechts in 
[7] and is studied in [8] . Here we develop lattice-theoretical properties of twisted 
Mukai lattices. The results of this section will be used in Section [31 

Let S be a K3 surface. The Brauer group Br(S') of S is the group of the 
torsion elements of H 2 (Og). Via the exponential sequence, we have 

Br(5) ~ H 2 (S, Q)/(NS(S) Q + H 2 (S, %)). (1) 

For example, let p(S) = 20. Then Br(S) is the group of the finite-order points 
of the elliptic curve H 2 {O s )/T(S) y . 

A class B G H 2 (S,Q) is called a (rational) B-field lift of a Brauer element 
a G Br(S') if B maps to a in the isomorphism (TTJ. For an element a G Br(S') we 
can find a B-ficld lift of a from ^i/ 2 (5 f , Z), where d = ord(a). By considering 
the intersection pairings of the B-field lifts with T(S), we also have 

Br(5) ~ Hom(T(5), Q/Z). (2) 



5 



Via @, we identify an element a £ Br(5') with a surjective homomorphism 
a : T(S) -» Z/ord(a)Z. Then Ker(a) C T(S) is denoted by T(S,a). 

A twisted K3 surface is a pair (5, a), where S is a i"T3 surface and a G Br(5). 
Let w s G ff 2 (S*, C) be a period of S* and Jet B £ i? 2 (S, Q) be a B-field lift of a. 
By definition, the twisted Mukai lattice H(S, B, Z) of (S, a) and B is the lattice 
H{S, Z) equipped with the twisted period e B (ui s ) = (1, B, \{B, B)) A (0, u s , 0). 
Set 

NS(S, B) := e B (uj s ) 1 - f~l B, Z), 
T(5, B) := NS(S, B) 1 - n 5(5, B, Z). 

We have a Hodge isometry e B : T(S, a) ~ T(S, B), as each class Z G T(S) is of 
pure degree 2 (^J^Since ATS(S, B) Q = e B (NS(S) Q ), the orientation of ZVS(S) 
induces that of NS(S,B). That is, e B (M(l, 0, -1) © R(0,Z,0)) is of positive 
orientation for an ample class I £ NS(S). 

For another B-field lift B' £ H 2 (S, Q) of a, we can write B' = B + Bi+ B 2 
with B\ £ H 2 (S, Z) and B 2 £ NS(S)q. Then we have an orientation-preserving 
Hodge isometry 

e Sl : H(S,B,Z) H(S,B + Bi,Z) = H{S,B',Z) 

defined by the wedge product with the cohomology class (1, B\, \(B\, Bx)), 
which fixes the vector (0, 0, 1). 

In the remainder of this section, we fix a twisted K3 surface (<!?, a) and a 
B-field lift B of a. The basic ideas of the following Lemma \2. 2 1 and Lemma HOI 
are present in [T3] . 

Lemma 2.2 f|12j'). Let A : (Dj^g, s B y q) ~ {Dt(s,b), — <z) ^ e ^ e natural isom- 
etry. Then we have a Hodge isometry 

c B : T(S) Z (T(S, B), A((0, 0, --))) C T(S, B) v , (3) 

where d = ord(a). TZie twisting a : T(S) — > Z/cZZ is given by the homomorphism 

T(S) c 4 (T(5,B), A((0,0,-i)))/T(S,S) * (a((0,0, --))) ~ Z/dZ. (4) 

Proof. For a transcendental class Z G T(5) with a(Z) = 1 G Z/dZ, we have 
e s (Z) = (0,Z,i + fc) with fc G Z. Since e B (Z) + (0,0, -i) G H(S,B,Z), we have 
A((0,0, -i)) ee e s (Z) G £>t(s,b) by the definition of A (Proposition EE]). Thus 
we obtain e B (T(S)) = (T(S, B), A((0, 0, The image of Z by © is I and 
the image of T(iS, a) by ((U) is 0, so the second claim is proved. □ 

Lemma 2.3. The divisibility of the primitive isotropic vector (0, 0, 1) G NS(S, B) 
is equal to d — ord(a). 
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Proof. Let d! := div((0, 0, 1)). In the proof of Lemma FZ72\ we saw that (0,0, i) G 
NS(S,B) V , which means that d\d' . Assume that d < d' . There exists a vector 
I' e T(S,B) V such that V + (0,0, jj) E H(S,B,Z). Since the primitive hull of 
T(S, S)©Z(0, 0, 1) in H(S, B, Z) is T(S) ®Z(0, 0, 1), we can write l'+ (0, 0, i) = 
Z + (0,0, fe) for some I G T(5) and fc G Z. Writing I = I" + (0,0,^) with 
Z" := e B (Z) G T(5, S) v and fc" G Z, we obtain the equality 

d'(l' - I") = (0, 0, -1 + ^-fc" + d'k). (5) 

Then the right hand side of ([5|) is not 0, which contradicts to the fact that 
T(S,5) Q nQ(0,0,l) = {0}. □ 

Next we compare the two lattices NS(S) and NS(S,B). Consider the fol- 
lowing isometry: 

K:NS{S)^dH a (S,Z)+NS{S) + ^H 4 (S,Z), (a,l,b) w (da,l,^b), (6) 
where d = ord(a). 

Proposition 2.4. When B is chosen from ^i? 2 (5, Z), d = ord(a), we have the 
following orientation-preserving isometry: 

e B o n : IvS(S) — (~NS(S, B), (0, 0, ~~^)^ # ( 7 ) 

Proof. Write M := (NS(S,B), (0,0, From the equalities e s ((0,0, ±)) = 

(0,0, i), e B ((d,0,0)) = (d,dB, i(dB,B)), e s ((0,Z,0)) = (0, 1, (Z, B)), we obtain 
the inclusion e B o k(NS(S)) C M. Since 

detM = (T 2 • detNS{S, B) = <T 2 ■ detT(S, a) = detiV5(S*), 

we have e B o k(NS(S)) =M. □ 

After choosing a B-field lift £? G i_ff 2 (S', Z) of a, we write 

M:=(NS(S,B), (0,0,-i)>, f;=(T(S,B), A((0,0, --))), 

where A : D^-^, s B ^ ~ D T ^ S B ^ is the natural isomorphism. Both M and T are 
even lattices. From A we obtain the isometry A : (Dj^,q) ~ (-D^, — <?). Denote 
by Ao : D-^,^ ~ -Dt(S) the natural isomorphism. 

Proposition 2.5. Let £? G ^i/ 2 (S f , Z). d = ord(a). TTie following diagram 
commutes. 

^NS(S) M 
Ao A 

£>T(S) — "> £>f ■ 
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Proof. Every element of Dj^^ can be represented by a vector in NS(S) V . 
Thus we take a vector x G NS(S) y and prove the commutativity for the element 
[x] G D N s(s) — ^Ws(s)' Choose a vector y G T(S) V representing Ao([x]) G 
D T ^ S y By the definition of Ao, we have x + y G H 2 (S, Z). Since e B (x + y) G 
H 2 (S, Z) © Z(0, 0, there is an integer k G Z such that 

c B (x) + (0, 0, ^) + e B (y) G B 2 (S, Z) C H(S, B, Z). 

By Lemma E£2] and Proposition 12.41 we have e B (y) G T v and e B (x) G M v . As 
(0, 0, 2) is an integral vector in M, we obtain e B (x) = e B (x) + (0, 0, ^) G Dj~ r 
It follows that 

A(e s o n{[x])) = A([e B (x)]) = A([e B (x) + (0, 0, ^)]) = [e B (y)] = e B o A (N). 

□ 



3 Twisted Fourier-Mukai partners and 0-dimensional 
cusps 

Let (S, a) be a twisted K3 surface with a B-ficld lift B G H 2 (S, Q). A twisted 
-ftT3 surface (5", a') is called a twisted Fourier-Mukai (FM) partner of (S*, a) 
if there is an exact equivalence D b (S,a) ~ D b (S',a'). Let EM^S", a) be the 
set of isomorphism classes of the twisted FM partners (S",a') of {S,a) with 
ord(a') = d. 

Definition 3.1. We define the group T(S,B) C 0{NS(S,B)) by 
T(S, B) := r^ {S B) (X o r T(s , B) (CW 9e (T(,S, B)))), 

where A : 0(Dt(s,b)) — ^(^ns(s bO ^ s ^ ne isomorphism induced from the 
isometry (Djfg, SB yq) ~ (D T ( SiB y-q), and Hodge (T(S,B)) is the group of 
the Hodge isometries of T(S', B). 

There are obvious inclusions 

{±id} x 0(NS{S,B)) Q c T{S,B) C 0{NS{S,B)). 

Each isometry 7 G T(S, B) can be extended to a Hodge isometry H(S, B,Z) ~ 
H(S,B,Z), Recall that r(S',B) + is the subgroup of r(£,B) consisting of the 
orientation-preserving isometries in T(S, B). Then we can form the modular 
variety 

K(S,a):=T(S,By\n^ By (8) 



8 



the isomorphism class of which does not depend on the choices of the lift B of 
a. The set of O-dimensional cusps of the Baily-Borel compactification of IC(S, a) 
is identified with the set \J d C d (S, a), where 

C d (S,a) := T(S,B) + \I d (NS(S,B)). (9) 
When a = 1, we write JC(S) := K(S, 1) and C d (S) := C d {S, 1). Then we have 
K(S) = r(S) + \J% (fl)1 where T(S) :=T(S,0). (10) 

Let I £ I d (NS(S, B)) be a primitive isotropic vector. By using the surjec- 
tivity of the period map, we shall construct a twisted K3 surface (St, at) from 
the cusp [I] £ C d (S,a) as follows. Let A : {Djfg, SB s,q) — (^(s^)! - ?) be the 
natural isometry. Firstly we consider the extended even lattices 

Mi := (nS(S 7 B) 7 ~), T t := (t(S,B), A(^)), 

and a homomorphism 

m-.T^ Tt/T(S, B) ~ (A(^)) ~ Z/dZ, A(^) i ^ 1. 

The lattice Mi has the orientation induced from that of NS(S,B). Since k £ 
J 1 {Mi), there is an embedding ip : U °-> Mi satisfying <p{f) = 4. The orthogonal 

complement M v := ip(U) ± n Mj is of sign(M^) = (1,^(5) - 1). We choose the 
connected component M+ of the open set {v £ (M V ) R | (u, u) > 0} so that 
M.tp(e + /) © is of positive orientation for all v £ M+. From the isometry 
A : (D-fij , q) ~ (Dj) , —Q 1 ), we obtain an embedding 

with both Mi and 7] embedded primitively. Then the orthogonal complement 
A v := (f(U) n is isometric to the K3 lattice Ak3 and is endowed with 
a period by the sublattice Ti C A v . By the surjectivity of the period map 
(see [20]), there exist a K3 surface Si and a Hodge isometry <£> : iJ 2 (5;,Z) ~ 
A v mapping the positive cone of NS(Si) to the cone M+. Pulling back the 
homomorphism ai by <£>, we obtain the twisted if 3 surface (St, ai). The following 
lemma can be proved similarly as Lemma 3.2.1 of |llj . which treats the case 
a = 1. 

Lemma 3.2. TVie isomorphism class of the twisted K3 surface (Si, a{) is uniquely 
determined by the cusp [I] £ C d (S,a). 

When S is untwisted, the lattice NS(Si) is isogenus to an overlattice of 
NS(S) with cyclic quotient. 

Let (S' , a') be a given twisted K3 surface with a B-field lift B' such that there 
is an orientation-preserving Hodge isometry $ : H(S', B',Z) ~ H(S, B,Z). 
Then we have (S*', a') £ FM d (S", a) by Huybrechts-Stellari's theorem (0), where 
d = ord(a'). 
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PropositionJJ.3. In the above situation, we define the primitive isotropic vec- 
tor I G I d (NS(S, B)) by I — $((0,0,-1)). Then we have the isomorphism 
(S h ai)^(S',of). 

Proof. It suffices to prove the assertion when B' € ^i/ 2 (S",Z). Let 

X:D^~D Tl , X' :D^ s , )B , ) ~D T(iS , jB ,), X' : D^ s/) ~ D T(S /) , 
be the natural isomorphisms, and set 

M' := (NS(S',B% (0,0, -i)), T> := (t(S',B'), A'((0,0, —))). 

We have a natural isometry A' : (Dj^,,q) ~ (Dy/,— g). Then $ induces an 

orientation-preserving isometry M' ~ M; and a Hodge isometry T" ~ XJ. By 
Lemma 12.21 and the commutative diagram 



T(S') — ► T'/T(S',B') — =-> (A'((0,0,-i))) — =-> Z/dZ 



oe 



T z ► T t /T{S,B) -^-> (A(i)) — ^- Z/dZ 

we obtain ($ o e B ')*a; = a'. 

On the other hand, the following diagram commutes by Proposition 

n c B ok n * n 

^JVS(S') > M' > Mi 



-Dt(S') ► _Dy/ > Dt v 

It follows from Proposition 12.11 that the isometry 

($ o e s ' o K ) © ($ o e B ' ) : iVS(S") © T(S') M ; © T ; 
extends to the orientation-preserving Hodge isometry 

9:H(S',Z) -^A K3 , (0,0,-1) (V\ T (s>))*ai = a'. 

By considering "J" : H°(S',Z) + H 4 (S',Z) Aj<-3, we obtain an embedding 
ip : U ^ Mi C Ak3 with </?(/) = 4. Then we have a Hodge isometry \1/ : 
£f 2 (S",Z) ~ A v which maps the positive cone of NS(S') to M+ and satisfies 
(*|T(S'))* a J = % Lemma|33 we have (S\ a') ~ (Sj, aj). □ 

Let FM d (S l , a) + be the subset of FM d (S,a) consisting of those partners 
(<S", a') such that there are orientation-preserving Hodge isometries H(S' , £>', Z) ~ 
H(S, B,Z). It is conjectured by Huybrechts-Stellari (Conjecture 0.2 of [5]) that 
FM d (5,a)+ = FM d (5,a). When ord(a) < 2, we actually have FM d (5,a) + = 
FM a) because the twisted Mukai lattice admits an orientation- reversing 
Hodge isometry (see [8]). 
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Proposition 3.4. The twisted K3 surface (Si,ai) constructed from the cusp 
[I] G C d (S,a) belongs to FM d {S,a)+. 

Proof. We write I degreewise as / = (r, m, s). 

Case(i). Assume that r < 0. We can apply Yoshioka's theorem ([IS]. See 
also [5]) on the existence of moduli space of twisted sheaves with Mukai vector 
—I. So we can find a twisted K3 surface (M,(3) and an orientation-preserving 
Hodge isometry $ : H(M,B',Z) ~ H(S,B,Z) with $((0,0,1)) = -I, where 
B' G H 2 (M,Q) is a B-field lift of f3. By Proposition [373] we have (Si,ai) ~ 
(M,/3) G FM d (S,a)+. 

Case(w). When r > 0, we have (S/,a/) ~ (S_z,a_i) G FM d (S,«)+ by 
Lemma I3~H1 and the case (i). 

Case(iii). Finally assume that r = 0. By the following lemma, there is a 
vector I' = (r',m', s') G T(S, B)+ ■ I such that r' < 0. Thus we have (Si, o>i) ~ 
(5 r ,a i ')eFM' i (5,a)+. □ 

Lemma 3.5. -For o •primitive isotropic vector Iq = (0, tooi s o) G NS(S, B), there 
exists a vector li — (r 1? m\, si) G 0(NS(S, 8))q~ ■ lo such that r\ < 0. 

Proof. Set M := {m G 2VS(S) | (m, 8) £ Z}. Take a positive integer d' so 
that d'(l,B, 5 (8,8)) belongs to NS(S,B). We can find a vector v G NS(S) 
satisfying the following conditions : 

(m o ,v)<0, (v,v) = 0, ved'M. 

Define the isometry if of NS(S, 8) Q = e B (NS(S)q) by the followings : 

(1,8,^(8,8)) ^ (1,8,^(8,8)), 

(0,0,1) » (0,0,1) + (0,v,(v,B)), 
(0,771,(171,-8)) i * (0,m,(m,8)) + (m,tO-(l,8,-(8,8)), meNS(S). 

Let M' := e s (Af) and AT' := (d'(l,8, 3(8,8)), (0,0, 1)}. Then M' ® N' is a 
finite- index sublattice of NS(S, B) . One can check that (p preserves M' © N' 
and acts trivially on Dm'®n'- Hence ip preserves NS(S,B) and acts trivially 
on D-fi-g, s B y The H°(S, Z)-component of <p(lo) is equal to (fflo,«) < 0. □ 

Up to now we confirmed that the assignment [/] 1— > (Si,ai) induces a well- 
defined map 

C d (S» — >FM d (S,a) + , 
which is surjective by Proposition 13.31 We prove the injectivity. 

Proposition 3.6. Let l±,l2 G I d (NS(S, B)) be two primitive isotropic vectors. 
If (Si^aiJ ~ (Si 2 ,ai 2 ), then l 2 G r(S,8)+ • h. 
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Proof. From the proof of Proposition 13.41 we see the existence of twisted FM 
partners (M,, i — 1,2, and orientation-preserving Hodge isometries H(Mi, Bi,Z) ~ 
H(S,B,Z) mapping (0,0,-1) to ij. By the assumption we have (Mi,/?i) ~ 
(M 2 , #>)• Thus there is an effective Hodge isometry $ : H 2 (M 2 , Z) ~ H 2 (M U Z) 
such that the twistings given by -Bi and $(i?2) coincide. So we obtain an 
orientation-preserving Hodge isometry H(M2, B 2 ,Z) — B.{M\,B\,Z) mapping 
(0, 0, 1) to (0, 0, 1). After all, we have an orientation-preserving Hodge isometry 
H(S, B, Z) ~ H(S, B, Z) mapping h to l 2 . □ 

Thus we obtain the following theorem. 

Theorem 3.7. For a twisted K3 surface (S,a), the assignment [I] t— > (Si,cti) 
induces a bijection between the sets 

C d {S,a) ~FM d (S»+. 

In particular, for a K3 surface S we have a canonical bijection 

C d (S) ~ FM d (S*). 

In this way the set of 0-dimensional cusps of the Kahler moduli IC(S) is 
identified with the set {J d FM d (S) of isomorphism classes of the twisted FM 
partners of S. For this correspondence, it is essential to distinguish two twisted 
if 3 surfaces with a common underlying K3 surface by their twisting classes. 

A formula expressing the number #FM d (S) is proved in [12] . Summing up 
those formulae over d £ N, we obtain a counting formula for the 0-dimensional 
cusps of the modular variety K-(S). To exhibit the formula, we prepare some 
notation. Let I(D N s^) be the set of isotropic elements of (D N s(s),q)- Each 
element x £ /(Djvs(s)) gives rise to overlattices M x , T x of NS(S), T(S) respec- 
tively, and a homomorphism a x '■ T x -» Z/ord(a)Z with Ker(a x ) = T(S). The 
lattice T x inherits the period from T(S). Let 

C>Hodge(T x ,a x ) := {g 6 Ho d g e{T x ), g*a x = a x }. 

For an even lattice L, the genus of L is denoted by Q(L). We define 

g l (L) := {£' S G(L) I 0(L')+ ^ 0(L%}, &(£) := Q(L) - Qt{L). 

For a natural number d € N, let e(d) = 1 if d < 2, and e(d) = 2 if d > 3. 

Theorem 3.8. for a pair (x,M) such that x G I(D NS ^) and M S t/(Afj,), 
we zwriie 

t(s, M) := # (O i ro( b e(T a ,a,)\0(Dtf.)/0(Jlf)) . 

T/ien 

#|JC d (5) = ]r{£T(x,M)+£(ord(*))5>(x,M')}. 

d x J\J M' 

Here x £ Hodge (T(5))\/(Z? JVS(s) ) 7 M £ G\{M X ), and M' £ G 2 (M X ). 

This counting formula for the cusps is an extension of a formula of Scattonc 
[17], which in our situation is the formula for those Ki surfaces whose Neron- 
Severi lattices contain the hyperbolic plane U. It is the appearance of the subtle 
arithmetic invariants Gi(M x ) and t(x,M) that our generalization brings. 
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4 Twisted Fourier-Mukai partners and relative 
Jacobians 



4.1 Relative Jacobian 

Let / : S — > P 1 be an elliptic fibration on a K3 surface S which does not 
necessarily admit a section, and let / G NS(S) be the class of its fibres. The 
vector v := (0, 1, 0) is a primitive isotropic vector in NS(S). Let J(S/V 1 ) be the 
coarse moduli space of stable (with respect to a generic polarization) sheaves 
on S with Mukai vector v. By a theorem of Yoshioka [15], ./(S'/P 1 ) is a K3 
surface. Let (3 € Br( J(S/P 1 )) be the obstruction to the existence of a universal 
sheaf ([5]). The order of /3 is equal to div(/). 

Definition 4.1. We call ( J(S/P 1 ), jS) the relative Jacobian of the elliptic fibra- 
tion / : S -» P 1 . 

The underlying 7T3 surface J(5/P 1 ) naturally has the structure of an elliptic 
fibration f : J(S/P 1 ) — > P 1 , which admits a natural section. If s G P 1 is the 
base locus of a smooth fibre of /, then / _1 (s) is identified with Pic°(/ _1 (s)). 
When the original fibration / admits a section, which is exactly the case (3 — 1, 
we have J^/P 1 )/? 1 ~ 5/P 1 . 

By a theorem of Caldararu [5], a 1 M /3 _1 -twisted universal sheaf on S x 
J(5*/P 1 ) induces an equivalence D b (J(S/¥ 1 ),/3) ~ L> b (5). If we denote by B 
a B-field lift of /3, this derived equivalence induces an orientation-preserving 
Hodge isometry fl^S/P 1 ), B, Z) ~ Z) mapping (0, 0, 1) to v = (0, 1, 0). 

Theorem 4.2. Lef S be a K3 surface such that NS(S) admits an embedding 
of the hyperbolic plane U . Then for each twisted Fourier-Mukai partner (S", a') 
of S there exists an elliptic fibration f : S — > P 1 such that (5', a') is isomorphic 
to the relative Jacobian ( J(>5'/P 1 ), j3) of f. 

Proof. By Theorem 13. 71 there exists a primitive isotropic vector / 6 I d (NS(S)) 
such that (S',a') ~ (Si,ai), where d = ord(a'). Let 

ld ( D NS(S)) : = i X e D NS(S) I ?(*) = °' 0rd ( X ) = d >■ 

Since NS(S) contains U © f7, it follows from Proposition 4.1.3 of [17] that the 
map 

L(S) + V d (]v5(S)) — r(T(S) + )\I d (D ms) ), I - 1 (11) 
is bijective. On the other hand, the map 

I d (NS(S)) — 7 d (Av S(s) ) ^ ^(^ (S ))> i ^ ~ d 

is surjective by Lemma 4.1.1 of [T7]. Thus there is a primitive isotropic vector 
V 6 7V5(5)n (r(5)+ •/). We have (<S",a') ~ (5 r ,a r ). 
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Next, we transform I' to a nef primitive isotropic vector I" 6 NS(S) by the 
actions of {±id} and the reflections with respect to (— 2)-curves on S, as in 
[IB] . Since I" is the fibre class of an elliptic fibration / : S — > P 1 , the twisted 
FM partner (Si»,ai") is isomorphic to the relative Jacobian ( J(S/P 1 ), (3) of /. 
Hence we have (S 1 , a') ~ (J^/P 1 ), 0). □ 

Remark 1. The bijectivity of the map (|lip can also be deduced from its surjec- 
tivity, which can be proved in an elementary way, and the formula for #C d (S) 
(see [H] Corollary 4.4). 

The above proof might be regarded as an extension of the argument for 
elliptic fibrations in [TB] . Theorem 14.21 is a classification theorem for twisted 
FM partners of S. The lattice NS(S) contains U if and only if S admits an 
elliptic fibration with a section. When p(S) > 13, we can always embed U into 
NS(S) by Corollary 1.13.5 of [14]. Certain 2-elementary K3 surfaces give other 
series of examples satisfying the assumption. 

What happens if the assumption that NS(S) contains U is weakened? To be 
precise, let S be a Ki surface admitting at least one elliptic fibration, and (S", a') 
be an arbitrary twisted FM partner of S. Is (S' , a 1 ) isomorphic to the relative 
Jacobian of some elliptic fibration on SI More generally, is (S',a') isomorphic 
to the twisted moduli space of relative sheaves associated to a primitive Mukai 
vector (0,aZ,/3)? Here I is the fibre class of some elliptic fibration on S, a is a 
natural number, and (3 is an integer coprime to a. The following is a negative 
example to this question. 

Example 4.3. Let S be a K 3 surface such that NS{S) ~ U{d) = (° and 
OHodge(T(Sj) = {±id}. The surface S admits exactly two elliptic fibrations, 
whose fibre classes are denoted by I and m respectively. For a pair (a, (3) of 
coprime integers, consider the primitive isotropic vectors in NS(S) defined by 

v a ,p = (0, al, j3), v' a f3 = (0, am, (3). 

We put the assumption that the twisted FM partner associated to u Q|j g is un- 
twisted, which is exactly the case that (3 is coprime to d. Take integers 7, 8 
satisfying crfd + (38 — 1 and define the isotropic vectors in NS{S) by 

u a ,/3 = (-8, 7TO, 0), l a fi = (0, 51, ~jd), m a ^ = (ad, /3m, 0). 

One checks that 

(v a ,p,u a jj) ~ U, (l a ,i3,m a ^} ~ U(d), {v aj p,u at p) 1 (l a ,p,m ay p}. 

Therefore we obtain an isometry tp a> p G 0(NS(S)) which satisfies <p a ,p(v a ,p) — 
(0,0,1) and acts on the discriminant group D N s(S) — (h't) ^ (h't) l— * 
(/?4, f3~ llj j). Since any isometry of NS(S) fixing (0,0,1) must preserve the 
subset (2) U (2r) in Z?jvs(S), we see that any isometry ip e 0(NS(S)) satisfying 
(p{ v a,p) = (0, 0, 1) must preserve the subset (4) U (^} in D N s(S)- By symmetry, 
the same holds for the vector v' a . 
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Whence? can be divided by at least two primes, there exists an isometry 
<p € 0(NS(S)) which does not preserve the subset (^} U (22) in D NS ( S y If we 
put v := <p((0,0, 1)), then w is not r(5') + -equivalent to u Q|j g nor - for any 
{a, 13). In other words, the FM partner associated to u cannot be realized as 
moduli space of relative sheaves. 

Bridgeland and Maciocia ([3] Proposition 4.4) proved that for a minimal 
surface S of non-zero Kodaira dimension which admits an elliptic fibration / : 
S — > C, every untwisted FM partner of S is isomorphic to a moduli space 
of relative sheaves supported on the fibers of /. Example 14.31 shows that the 
analogous statement does no longer holds for a general elliptic K2> surface, even 
if one allows all elliptic fibrations on the surface. 

Remark 2. If we do not restrict to untwisted K3 surfaces, we can give negative 
examples to the above question more handily by analyzing the surjective map 
I d (NS(S)) I d (D NS(S) ), d > 1. 

4.2 Applications to rational maps 

Among the twisted FM partners of a K3 surface S, the relative Jacobians are 
related rather directly to the geometry of S. We give an application of Theorem 
14.21 to rational maps between K2> surfaces. 

Lemma 4.4. Let S be a K3 surface and assume that NS(S) contains U . Then 
every twisted Fourier- Mukai partner (S", a') of S admits a rational map S — » S' 
of degree ord(a') 2 . 

Proof. By Theorem 14.21 there exists an elliptic fibration / : S — > P 1 such that 5" 
is isomorphic to the K3 surface J(S/¥ 1 ) underlying the relative Jacobian of /. 
Let I e NS(S) be the fibre class of /. The order of a' is equal to the divisibility 
d of I in NS(S). It suffices to construct a rational map S --■> J(S/P 1 ) of degree 
d 2 . Take a line bundle M on S such that (M.l) = d. Let U C P 1 be a Zariski 
open set such that / : / _1 (J7) — » U is smooth. We can define a morphism 
f~\U) -> JiS/P 1 ) by setting 

P^O f - 1{f{P)) (dP)®M-\ Pef-\U), (12) 

the degree of which is obviously equal to d 2 . □ 

We provide an example of the rational map given in Lemma 14.41 

Example 4.5. Let g : A — > E be an elliptic fibration on an Abelian surface 
A where E is an elliptic curve, and / : Km(A) — > P 1 be the associated elliptic 
fibration on the Kummer surface Km(4). We take a line bundle M on Km(A) 
such that the degree of M on an /-fiber is equal to the divisibility d of the 
fiber class of / in NS(Km(A)). The pullback of M by the rational quotient 
map A —■* Km(A) extends to a line bundle L on A. The degree of I on a 
g-fiber is also equal to d. Let g : B — * E be the elliptic surface associated to 
the relative Jacobian of g. The surface B is isomorphic to the product of E and 
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a g-fiber. We can use the line bundle L to define a morphism ip : A — ► B by 
P i — > 9 -i( s (p)) (dP) (g) L _1 , where P € A. We choose the identity point of P so 
that <p is a homomorphism between Abelian surfaces. Then the elliptic Kummer 
surface / : Km(P) — > P 1 induced from g is canonically isomorphic to the elliptic 
K3 surface associated to the relative Jacobian of /. Under this identification, 
the rational map ip : K.m(A) —■* Km(P) induced from the homomorphism ip is 
given by the correspondence (fT2| in Lemma l4~4l 

We describe the elimination of the indeterminacy of ip. Let A2, P2 be the 
sets of 2-division points of A, B respectively, and A be the blow-up of A at 
(p~ 1 (B2). The set T consists of lQd 2 2d-division points and contains A^. The 
inverse morphism — 1^ of A extends to an involution 1 on A. We denote by 
X the quotient surface A/{l). The natural morphism 7r : X — * Km(A) is 
the blow-up at the point set (p~ 1 (B2)\A2)/(— 1a), and the finite morphism 
ip : X — » Km(P) induced from ip is the elimination of the indeterminacy of 
ip. The ramification divisor of ip is the exceptional divisor of tt, namely the 
8(d 2 — 1) (— l)-curves. The ramification index of ip at each (— l)-curve is 2. Let 
{2Ef + + E% + Ef 3 + Ef 4 } l=h ... ,4 and {2Pf + Eg + Eg + Eg + /•./•}, ..... A 
be the four 7q singular fibers of /, / respectively. All components E* , E*a are 
(— 2)-curves, and the components Ef, Eg are the quotients of fibers of g, g 
respectively. The surface X is obtained by blowing up 2(d 2 — 1) points on each 
curve Ef, 1 < i < 4. The branch curve of ip is contained in the curve \J i j Egy 
To observe the branching further, we consider the case of odd d and the case 
of even d separately. Renumbering the i if necessary, we may assume that the 
image of Ef by ip is Eg . When d is odd, the curve Uj=i ^tj xs mapped by 
ip isomorphically to \J^ = iEg. We may assume that ip(E^) = Eg. Then for 
each j the inverse image ip~ 1 (Eg) consists of the proper transform of E^j and 
\(d? — 1) ramifying (— l)-curves. When d is even, after renumbering the j for 
Eg, we have ip(E^) = Eg for all j. Then ip~ 1 (Eg) consists of the proper 
transform of Uj=i ^tj an d \ {d 2 — 4) ramifying (— l)-curves. On the other hand, 
for 2 < j < 4, ip~ 1 (Eg) consists of \d 2 ramifying (— l)-curves. We remark that 
when d — 2, ip is the Galois covering for the symplectic action of the group 
Ker(^) ~ (Z/2Z)® 2 on Km(4) . 

Following Mukai's approach in [13] . we deduce the next proposition. 

Proposition 4.6. Let S and S' be K3 surfaces with p(S) = p(S'). Assume 
that NS(S) contains U. If there is a Hodge embedding T(S) T(S'), then 
there exists a rational map S ---> S' of degree [T(S') : T(S)] 2 . 

Proof. We regard T(S) as a finite-index sublattice of T(S') via the Hodge em- 
bedding. By the invariant factor theorem, there exists a filtration 

T(S) = T C Pi C • • • C T n = T(S') 

such that Ti/Ti-i are cyclic. By using similar arguments as in the construction 
of Si in Lemma 13.21 we can find for each i a K3 surface Si such that T(Si) is 
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Hodge isometric to T and that NS(Si) is isometric to an overlattice of NS(S). 
By the assumption on NS(S), the lattice NS(Si) admits an embedding of U. 
Since there exist Hodge embeddings T(Si-i) T(Si) of cyclic quotients, we can 
find twistings on S Br(Si) such that T(Si,ai) are Hodge isometric to T(Si_i). 
By [5], we have D b (Si, 04) ~ D b (Si~i). Now the assertion follows from Lemma 
Ol □ 

Two JC3 surfaces 5+ and SL are isogenous (in the sense of Mukai [13) ) if 
there exists an algebraic cycle Z s H 4: (S+ x S 1 -, Q) such that the correspondence 

$z : H 2 (S+,Q) -^H 2 (S-,Q), I h-» (tt_)*(Z A 7^), 

is a Hodge isometry. 

Proposition 4.7. Let S+ and SL 6e if 3 surfaces with p(S±) > 13. The fol- 
lowing two conditions are equivalent: 

(1) S+ and 5_ are isogenous. 

(2) There exist a K3 surface So and rational maps So — » 5+, So — > S_ 0/ 
square degrees. 

Proof. By Mukai's theorem (Corollary 1.10 of [13 ), 5+ and 5_ are isogenous if 
and only if T(5+)q and T(5_)q are Hodge isometric. 

(1) => (2) : We identify T(5 + )q and T(5^)q by a Hodge isometry. Let 
T := T(S+) n T(S-), which is of finite index in both T(S+) and T(5_). The 
lattice T is endowed with the period. Since rk(T ) < 9, the lattice T can be 
embedded primitively into the K3 lattice Ak3 by [M]. By the surjectivity of 
the period map, there exist a K2> surface So and a Hodge isometry T(Sq) ~ To. 
The lattice NS(So) admits an embedding of U, because p(So) > 13. Hence the 
claim follows from Proposition 14.61 

(2) (1) : Let f± : So --■ » S± be rational maps of degree d\. We have 
Hodge embeddings : T(S±)(d\) <^-> T{Sq) of finite indices. Since the lattices 
T(5'±)(dj_) can be embedded into the lattices T(S±) by the multiplications by 
d±, it follows that T(S±)q are Hodge isometric to T(5o)q . □ 

By the proof, the Ki surfaces S+ and S- are obtained from So by taking 
certain relative Jacobians successively. 

Remark 3. Inose [10] introduced another notion of isogeny for singular K3 
surfaces, i.e. K3 surfaces with Picard number 20. Two singular K3 surfaces 5+ 
and S- are defined to be isogenous in the sense of Inose if one of the following 
three equivalent conditions is satisfied: 

(1) There exists a dominant rational map S + ---> S-. 

(2) There exists a dominant rational map SL --■ » S+. 

(3) There exists a Hodge isometry T(S+)(n)Q ~ T(S-)q for some natural 
number n. 
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For singular K3 surfaces (and also for K3 surfaces with Picard number 19) 
Inosc's notion of isogeny contains that of Mukai and is a direct analogue of 
the notion of isogeny for Abelian varieties. Unfortunately, the author does not 
know successful extension of Inose's notion of isogeny to K3 surfaces with Picard 
number < 16. See also [15] , 



5 The case of Picard number 1 

Let S be a K3 surface with NS(S) = ZH, (H, H) = 2n> 0. In this section we 
shall calculate for S the correspondence between the twisted FM partners and 
the 0-dimensional cusps concretely. The set FM d (S) is calculated in [T2] as a 
set of moduli spaces of sheaves on S with explicit Mukai vectors, twisted by the 
obstruction classes. On the other hand, Dolgachev showed in [5] Theorem 7.1 
that the group 0(NS(S))q is isomorphic to the Fricke modular group, by direct 
calculations based on an isomorphism PSO(l, 2) ~ PSL2(M). Hence the Kahler 
moduli JC(S) is isomorphic to the Fricke modular curve. We shall describe the 
groups T(S) and 0(NS(S)) via quaternion orders, which are nicely compatible 
with the discriminant form. The tube domain realization of f2~ induces an 

NS(S) 

explicit isomorphism between the modular curves. 

5.1 Fricke modular curves 

Let 



a, b, c, d € Z, a + d £ 2Z 



and O := {A £ O, Tr(A) = 0}. A natural decomposition O = Z( \ °) © O 
holds, and O has a basis 



1 0\ f-l 0\ / 0\ (0 2 
1 J ' V lj ' l-2n 0/ ' lo 



(13) 



The Z-module O is of rank 4 and is closed under multiplication. In other words, 
O is an order. 

We define a quadratic form on the Q- vector space V := {A G M2(Q), Tr(j4) = 
0} by (A, B) := — |Tr(AB), where A,BeV. 

Lemma 5.1. The lattice Oq C V is isometric to A(—2n), where A = NS(S) V . 
Proof. In fact, an isometry is given by the assignment 

al In S)+ 6 (~0 1 +C (o o) -(o,6^c)€^v. (14) 

□ 
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For a matrix 7 6 GL2(Q) the adjoint action Ad 7 on V denned by A 
7^47 _1 , A G V, is an isometry of V. Then we obtain the isomorphism 

GL 2 (Q)/Q X ~SO(V), 7 ^Ad 7 . 

The normalizer N(Oq) C GL2(Q) of Co in V coincides with the normalizer 
N(0) C GL 2 (Q) of in M 2 (Q). Thus we obtain the isomorphisms 

0(NS{SY) ~ 0(0„) - (N(0)/®* , -id). (15) 

To calculate the normalizer N(0) we consider the following order 0' called an 
Eichler order: 



a,b,c,d€Z}. (16) 



* - { (« !) e 

The Z-module 20' is a submodule of of index 2. 
Proposition 5.2. We ftaue N{0) = N(0'). 

Proof. Let 7 G AT(0'). Since Ad 7 ( J g), Ad 7 (g J ), Ad 7 ( ° g ) G 0', then we have 
Ad 7 ( I g ) , Ad 7 ( g g ) , Ad 7 ( 2 °„ g ) G 20' c 0. Thus N(0')CN(0). 

Let 7 G N(0). Then Ad 7 (20') is an index 2 submodule of 0, and the Z- 
module iAd 7 (20') = Ad 7 (0') is closed under multiplication. Among 2 4 — 1 = 
15 index 2 submodules L of 0, 20' is characterized by the property that is 
closed under multiplication. Hence Ad 7 (20') = 20' and so 7 G N(O'). " □ 

We shall describe a structure of the normalizer N(O r ) following [18] and then 
calculate the action of N{0') on the discriminant group D^^ S y For n > 1 let 

n = Yii=i pT be the prime decomposition of n, where r(n) is the number of 
the prime divisors of n. Each element a G (Z/2Z) r (") corresponds to a pair 
of coprime natural numbers (N a ,M a ) satisfying N a M a = n. Choose integers 
a ff , b a such that a a N a — b a M a = 1 and put 



la := 



a a N a b a 
n N n 



We have det(7 cr ) = AT CT . For the a with (N a ,M a ) — (n, 1), we take (a a ,b a ) — 
(0, -1) especially. Then 7. = (i„ ?)( ° V )■ 

Proposition 5.3 (cf.|18]). Lei (0') x 6e £/ie unit group ofO'. Forn > 1 we have 
N(0')/Q x (0') x ~ (Z/2Z) T (") ratA i/ie quotient group (Z/2Z) T ( n ) represented 
by theset{ la } a . Ifn = 1, we ftove JV(C) = JV(M 2 (Z)) = Q x (SL 2 (Z), ( J 

Proof. Let n > 1. For i < r(n) we denote gi := ( «« )• The two maximal 



orders 0+ := M 2 (Z Pi ) and 0," := g l Of g^ 1 in M 2 (Q Pi ) satisfy O' ®7L p% = 0+n 
0,r. It is known (see [TJ] Chapitre III) that we have a surjective homomorphism 
NiO') -» (Z/2Z) r( - n 1 by looking for each i whether the action preserves or 
exchanges Of, and that the kernel is given by Q x (0') x . Direct calculations 
show that 7 CT exchanges Of for those i with Pi\N a and preserves Of for those 
j with pj\M a . □ 
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Let r (n) := O' n 5L 2 (Z) as usual. We have (C) x = (Io (»),(£ _°i)>. By 
(|15[) and Proposition 15.31 we obtain a description of the full isometry group 
0(NS(S) v ) = 0{NS{S)). To find its subgroup 

= 0(NS(S))+ x {±id} C 0(NS(S) v ), 

we study the actions of To(n), (J _x), and {7,7} on the discriminant group 
"^jvs(S) • *he COITes P on dence (Q3|) , it suffices to observe the actions to ( "jj 1 ° ) 
modulo Z( 2 °„ ) © Z( 2 °„ g ) 8 Z( g § ). Then r Q (n) and ( J _° x ) act trivially on 
^ffS(S)' 71 > 1- The isometry 7^ acts on -Djvs^ — Z/2nZ as multiplication 
by a a N a + b a M a . For oddpj, 7^ acts as —id (resp. id) on the component Z/p?*Z 
of -Djvg^) if Pilfer (resp. Pi|M ff ). For p = 2, 7^ acts as —id (resp. id) on the 
component Z/2 e+1 Z if (resp. 2\M„). It is worth noting that 7 CT acts as 

—id on the component Z/p^ +1 ^Z if and only if 7^ exchanges the orders Of. 
In conclusion, we have 

T(S) * ((Q x r (n), (J A), (""o 1 ))^, -id), 

and therefore 

r(S) + * (<Q x r (n), (S- X )>/Q X , -id) 

- (< r o(").(^-^" 1 )>»-id)- (17) 
The last isomorphism is induced by the projection to ST^M). The group 
To(n) + := (ro(n), ( )) is called the Fricke modular group. 

Consider the tube domain realization 

U^n±- , t i-> C(l,Tff,r 2 n). (18) 
By sending 00 1— > C(0, 0, 1), the isomorphism (|18p extends to the isomorphism 
H* := H U Q U {00} (fi±- V : =0±- U II O. (19) 

^ 1 J V NS(S)J NS(S) W V ; 



NS(S)J NS(S) 

ieffs(s) 
(!,0=o 

Then the following diagram commutes: 

r (n)+ rv H* 
1 I 

r(5)+ rv V. 

V ; V NS(S)J 

In this way we obtain the desired isomorphism. 

Proposition 5.4 (cf.[5]). The tube domain realization (U&[) induces the isomor- 
phism 

r (n)+\H^r(5)+\^ (s) , (20) 

which extends naturally to the isomorphism between the compactifications of both 
sides. 

The curve ro(n) + \H is called the Fricke modular curve. 
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5.2 The cusps of the Fricke modular curve 

As is well- known, the set of the r (rt)-cusps is naturally identified with the 
following finite set: 

|(fc,e) e G Z >0 , e\n, k G (Z/dZ) x where d = (e, ^) |. (21) 

The correspondence is as follows. For a rational number ^ 6 Q with r and s 
coprime, we put e := (r, n) and k := as G (Z/(iZ) x where a G (Z/nZ) x is such 
that ae = r G Z/rtZ. Conversely, for a pair (fe, e) in the set (|2~Tj) we associate a 
rational number - G Q, where fc G Z is such that fc = fc G Z/eE and (fc, e) = 1. 

The Fricke involution ( -v ^ -1 ) acts on the set flST]) by (fc, e) i-> (-fc, a). 
Hence the set of the r (n) + -cusps is identified with the following finite set: 

\ (k,e) e G Z >0 , eln, e > — , fc G (Z/dZ) x where d = (e, — ) \ 
I e e J 

U {(fc',e) eeZ> , e 2 =n, fc' G (Z/eZ) x /{±id } }. 

Writing e = dr and - = ds, we obtain the following description. 

Proposition 5.5. The set of the Tq(ti) + -cusps is identified with the following 
set: 

C(n)+ := (J { (fc, dr) fc G (Z/dZ) x , ^ = rs, (r, s) = 1, r > s } 



d? 



U |(Jfe',d) d 2 = n, k' G (Z/dZ) x /{±id} |. (22) 

.Here <i runs over Z>o. 

On the other hand, the set FM d (S') is described in [T2], which we recall 
now briefly. Let d be a positive integer satisfying d 2 \n. For each k G (Z/dZ) x 
choose a natural number k such that fc = k G Z/dZ and (k,2n) = 1. When 
<i 2 < n, each element <r G (Z/2Z) r ( d n ' corresponds to a pair (rv, s ct ) of coprime 
natural numbers satisfying r^s^ = dT 2 n. Let C (Z/2Z) T ' d be the subset 
consisting of those pairs (r CT , s^) satisfying r a > s a . When d 2 = n, consider the 
element a corresponding to the pair (r a , s CT ) = (1, 1) and put E^ := {a}. 

For a pair (a, k) G E^ x (Z/e?Z) x we define 

iVfc := {dr a ,kH,k 2 ds a ) G / d (A^S(S)). 

Let (M CT .fc, a CT .fc) be the moduli space of stable sheaves on S with Mukai vector 
u CT ,fe, where is the obstruction to the existence of a universal sheaf ([S]). We 
have the isomorphism 

where (S^ ,.,0;^ fc ) is the twisted surface constructed from the cusp [i><r,fc]- 
By calculating the Hodge structures of M a ^ and applying the formula for 
#FM d (S), the following result is obtained in [T2]. 
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Proposition 5.6 ([12]). We have FM d (S) = unless d 2 \n. Let d 2 \n. 
(1) If d 2 < n, then 



FM d/ 



(S) = {(M a , k ,a a , k ) | (a,k) e S d x (Z/dZ) x }. 



(2) Let d 2 — n. Choose a set {j} C (Z/e?Z) x of representatives of the 
quotient set (Z/dZ) x /{±id}. Then 

FM d (S) = {{M a . k ,,a a , k> ) | (a,k') e S d x {j}}. 

Via the tube domain realization (I19p . we obtain the correspondence 

(M a , k ,a a , k ) v a>k @ A ^ (k,dr a )eC(n)+. (23) 

Comparing Proposition ^. 5l and Proposition ^. 6[ we now observe that [j d FM rf (S') 
and C(n) + corresponds bijectively, as expected. For an arbitrary rational num- 
ber | £ Q with a coprime to b, we can calculate the isomorphism class of the 
corresponding twisted FM partner with the aid of l|22p and (|23l) . In particular, 
we see that the K2> surface underlying the partner is determined only by the 
value [b] € Z/nZ. In terms of a primitive isotropic Mukai vector (r,kH,s), the 
K3 surface underlying the twisted moduli space is determined by the value 

[(r,fe) _1 r] 6 Z/nZ. 

Conversely, we may find the Mukai vectors v a ^ k by referring to the cusps 
of the Fricke modular curve. If we resort to Theorem 13.71 we reprove that the 
twisted moduli spaces {M a ^ kl a a ^ k ) represent FM d (5 l ), without calculating the 
twisted FM number of S nor the Hodge structures of the moduli spaces M a ^ k . 

In these ways, the classification of the twisted FM partners is simplified and 
is strengthened by using the Fricke modular curve. 

Example 5.7. Let S C P 5 be a generic K3 surface of degree 8 whose Picard 
group is generated by the class H := 0(l)\s- It is well-known that S is a (2, 2, 2) 
complete intersection. The Kahler moduli IC(S) ~ ro(4) + \H has two cusps [oo] 
and [|]. The cusp [oo] corresponds to S itself, while the cusps [^] corresponds 
to the twisted moduli space (M, a) associated with the Mukai vector (2, H, 2). 
The underlying K3 surface M is of degree 2, and can be realized as a double 
covering of P 2 ramified over a sextic. 
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